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Àííîòàöèÿ
Ñòàòüÿ ïîñâÿùåíà äîêàçàòåëüñòâó ñóùåñòâîâàíèÿ ðåøåíèé ãåîìåòðè÷åñêè íåëèíåéíîé
êðàåâîé çàäà÷è äëÿ ïîëîãèõ îáîëî÷åê òèïà Òèìîøåíêî, ó÷èòûâàþùèõ äåîðìàöèè ïîïå-
ðå÷íûõ ñäâèãîâ. Óðàâíåíèÿ ðàâíîâåñèÿ ïðèâîäÿòñÿ ê ñèñòåìå íåëèíåéíûõ ñèíãóëÿðíûõ
èíòåãðàëüíûõ óðàâíåíèé ïî ïëîñêîé îáëàñòè, ðàçðåøèìîñòü êîòîðîé óñòàíàâëèâàåòñÿ ïðè
ïîìîùè ïðèíöèïà ñæàòûõ îòîáðàæåíèé.
Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à, ïîëîãèå îáîëî÷êè òèïà Òèìîøåíêî, óðàâíåíèÿ
ðàâíîâåñèÿ, îáîáùåííîå ðåøåíèå, îïåðàòîð, èíòåãðàëüíûå óðàâíåíèÿ, ïðèíöèï ñæàòûõ
îòîáðàæåíèé.
Ââåäåíèå
Âñå òåîðåìû ñóùåñòâîâàíèÿ, èçâåñòíûå ê íàñòîÿùåìó âðåìåíè â íåëèíåéíîé
òåîðèè ïîëîãèõ îáîëî÷åê, ïîëó÷åíû â ðàìêàõ ìîäåëè Êèðõãîà Ëÿâà (ñì. [15℄
è öèòèðîâàííóþ â íèõ ëèòåðàòóðó). Âîïðîñû ñóùåñòâîâàíèÿ ðåøåíèé íåëèíåéíûõ
çàäà÷ â ðàìêàõ äðóãèõ, áîëåå îáùèõ ìîäåëåé äî ñèõ ïîð îñòàþòñÿ îòêðûòûìè,
è îíè âîøëè â ñïèñîê íåðåøåííûõ ïðîáëåì ìàòåìàòè÷åñêîé òåîðèè îáîëî÷åê [1,
ñ. 349℄. Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà èññëåäîâàíèþ ðàçðåøèìîñòè ãåîìåòðè÷åñêè
íåëèíåéíûõ, èçè÷åñêè ëèíåéíûõ êðàåâûõ çàäà÷ äëÿ ïîëîãèõ îáîëî÷åê â ðàìêàõ
ñäâèãîâîé ìîäåëè Ñ.Ï. Òèìîøåíêî, íå îïèðàþùåéñÿ íà ãèïîòåçû Êèðõãîà Ëÿâà.
1. Ïîñòàíîâêà çàäà÷è. Âûâîä óðàâíåíèé ðàâíîâåñèÿ
àññìàòðèâàåòñÿ ñëåäóþùàÿ ìîäåëü òåîðèè ïîëîãèõ îáîëî÷åê òèïà Òèìîøåíêî:
I) ñîîòíîøåíèÿ äåîðìàöèè-ïåðåìåùåíèÿ [6, ñ. 168170, 269℄:
ǫ0jj ≡ γ
0
jj = wjαj −G
λ
jjwλ −Bjjw3 + ω
2
j /2, j = 1, 2,
2ǫ012 ≡ γ
0
12 = w1α2 + w2α1 − 2G
λ
12wλ − 2B12w3 + ω1ω2,
ǫ1jj ≡ γ
1
jj = νjαj −G
λ
jjνλ, j = 1, 2,
2ǫ112 ≡ γ
1
12 = ν1α2 + ν2α1 − 2G
λ
12νλ,
2ǫ0i3 ≡ γ
0
i3 = ωi + νi, i = 1, 2,
ǫ033 ≡ γ
0
33 = ν
2
1 + ν
2
2 ,
(1)
ãäå ωj = w3αj ; ǫ
0
ij è ǫ
1
ij , i, j = 1, 2 ,  êîìïîíåíòû òàíãåíöèàëüíîé è èçãèáíîé äå-
îðìàöèè ñðåäèííîé ïîâåðõíîñòè S0 îáîëî÷êè; ǫ
0
i3 , i = 1, 2 ,  êîìïîíåíòû äåîð-
ìàöèè ïîïåðå÷íûõ ñäâèãîâ, ǫ033  äåîðìàöèÿ ïîïåðå÷íîãî îáæàòèÿ; νi , i = 1, 2 , 
óãëû ïîâîðîòà íîðìàëüíûõ ñå÷åíèé; wi è w3  òàíãåíöèàëüíûå è íîðìàëüíîå ïå-
ðåìåùåíèÿ òî÷åê S0 ; Bij  ñîñòàâëÿþùèå òåíçîðà êðèâèçíû S0 ; G
k
ij  ñèìâîëû
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Êðèñòîåëÿ; α1, α2  äåêàðòîâû êîîðäèíàòû òî÷åê ïëîñêîé îãðàíè÷åííîé îáëà-
ñòè Ω ñ ãðàíèöåé Γ , ãîìåîìîðíîé S0 . Â (1) è äàëåå ïî ïîâòîðÿþùèìñÿ ëàòèíñêèì
èíäåêñàì âåäåòñÿ ñóììèðîâàíèå îò 1 äî 3, ïî ãðå÷åñêèì èíäåêñàì  îò 1 äî 2;
II) îïðåäåëÿþùèå ñîîòíîøåíèÿ:
σij = Bijknγkn, i ≤ j, k ≤ n, i, j = 1, 2, 3,
ãäå γkn = γ
0
kn + α
3γ1kn (γ
1
k3 ≡ 0, k = 1, 2, 3), B
ijkn
 óïðóãèå õàðàêòåðèñòèêè
îáîëî÷êè;
III) ãðàíè÷íûå óñëîâèÿ:
wi|Γ = νk|Γ = 0, i = 1, 2, 3, k = 1, 2; (2)
IV) íà îáîëî÷êó äåéñòâóþò ìàññîâûå
−→
F (α1, α2, α3) è ïîâåðõíîñòíûå
−→
F ±(α1, α2)
ñèëû.
Ñîîòíîøåíèÿ (1) äëÿ óäîáñòâà â äàëüíåéøèõ èññëåäîâàíèÿõ çàïèøåì â âèäå
γkij = t
k
ij + τ
k
ij + χ
k
ij ≡ e
k
ij + χ
k
ij , i, j = 1, 2, 3, k = 0, 1, (3)
ãäå
t0jj = wjαj (j = 1, 2), t
0
12 = w1α2 + w2α1 ,
t1jj = νjαj (j = 1, 2), t
1
12 = ν1α2 + ν2α1 , t
k
i3 = 0 (i = 1, 2, 3, k = 0, 1);
τ0jj = −G
λ
jjwλ −Bjjw3(j = 1, 2), τ
0
12 = −2G
λ
12wλ − 2B12w3,
τ1jj = −G
λ
jjνλ(j = 1, 2), τ
1
12 = −2G
λ
12νλ, τ
0
i3 = νi + w3αi (i = 1, 2),
τ033 = τ
1
i3 ≡ 0 (i = 1, 2, 3); χ
0
jj = w
2
3αj/2(j = 1, 2), χ
0
12 = w3α1w3α2 ,
χ033 = ν
2
1 + ν
2
2 , χ
0
k3 = χ
1
ij ≡ 0 (k = 1, 2, i, j = 1, 2, 3).
(4)
×åðåç δU è δA îáîçíà÷èì âàðèàöèè ñîîòâåòñòâåííî ïîòåíöèàëüíîé ýíåðãèè
äåîðìàöèè è ðàáîòû âíåøíèõ ïðèëîæåííûõ ê îáîëî÷êå ñèë:
δU =
∫∫
Ω
[Dijknp γ
0
ijδγ
0
kn +D
ijkn
∗ (γ
0
ijδγ
1
kn + γ
1
ijδγ
0
kn) +D
ijkn
u γ
1
ijδγ
1
kn] dΩ,
δA =
∫∫
Ω
[Rj(α1, α2)δwj + L
λ(α1, α2)δνλ] dΩ, dΩ = Ddα
1 dα2,
ãäå
Dijknp =
h∫
−h
Bijkn dα3, Dijkn∗ =
h∫
−h
Bijknα3 dα3, Dijknu =
h∫
−h
Bijkn(α3)2 dα3,
Rj(α1, α2) = F+j(α1, α2) + F−j(α1, α2) +
h∫
−h
F j(α1, α2, α3) dα3, j = 1, 2, 3,
Li(α1, α2) = [F+i(α1, α2)− F−i(α1, α2)]h+
h∫
−h
F i(α1, α2, α3)α3 dα3, i = 1, 2;
2h = const  òîëùèíà îáîëî÷êè.
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Äëÿ âûâîäà óðàâíåíèé ðàâíîâåñèÿ îáîëî÷êè èñïîëüçóåì âàðèàöèîííûé ïðèí-
öèï Ëàãðàíæà, â ñîîòâåòñòâèè ñ êîòîðûì
δU = δA. (5)
Ïðè ïîìîùè òðàäèöèîííûõ ðàññóæäåíèé èç âàðèàöèîííîãî ñîîòíîøåíèÿ (5) ïîëó-
÷èì óðàâíåíèÿ ðàâíîâåñèÿ âèäà
(DT iλ)αλ +DG
i
λµT
λµ +Ri = 0, i = 1, 2,
(DT λµw3αλ)αµ + (DT
λ3)αλ +DBλµT
λµ +R3 = 0,
(DM iλ)αλ −DT
i3 − 2DνiT
33 +DGiλµM
λµ + Li = 0, i = 1, 2,
(6)
â êîòîðûõ óñèëèÿ T ij è ìîìåíòû M ij äàþòñÿ îðìóëàìè
T ij = Dijknp γ
0
kn +D
ijkn
∗ γ
1
kn,
M ij = Dijkn∗ γ
0
kn +D
ijkn
u γ
1
kn, i, j = 1, 2, 3;
(7)
ñèìâîë (DT iλ)αλ îçíà÷àåò äèåðåíöèðîâàíèå ïî ïåðåìåííîé α
λ
, ïðè ýòîì ïî λ
âåäåòñÿ ñóììèðîâàíèå.
Åñëè â (6) âìåñòî óñèëèé è ìîìåíòîâ ïîäñòàâèòü âûðàæåíèÿ èç (7), à äåîðìà-
öèè γkij çàìåíèòü ñ ïîìîùüþ (3), òî ïðèäåì ê óðàâíåíèÿì ðàâíîâåñèÿ â îáîáùåííûõ
ïåðåìåùåíèÿõ, êîòîðûå ïðåäñòàâèì â âèäå
lijp (wj) + l
iλ
∗ (νλ) +Ki(a) +Gi(a) +R
i = 0, i = 1, 2, 3,
lij∗ (wj) + l
iλ
u (νλ) +K3+i(a) +G3+i(a) + L
i = 0, i = 1, 2,
(8)
ãäå lijp,∗,u  ëèíåéíûå îðìû îòíîñèòåëüíî ñâîèõ ïåðåìåííûõ:
lijp,∗,u(vk) = D
[
Di11jp,∗,uvkα1α1 + (D
i21j
p,∗,u +D
i12j
p,∗,u)vkα1α2 ++D
i22j
p,∗,uvkα2α2
]
,
Dijknp,∗,u ≡ D
jikn
p,∗,u ≡ D
knij
p,∗,u,
Ki(a) è Gi(a)  ëèíåéíûå è íåëèíåéíûå îïåðàòîðû:
Ki(a) = (DD
iλkn
p )αλe
0
kn + (DD
iδλµ
∗ )αδγ
1
λµ +DD
iλkn
p (τ
0
kn)αλ+
+DDiδλµ∗ (τ
1
λµ)αδ +DG
i
λµT
λµ
e ,
Gi(a) = (DD
iλkn
p χ
0
kn)αλ +DG
i
λµT
λµ
χ , i = 1, 2,
K3(a) = (DD
λ3kn
p )αλe
0
kn +DD
λ3kn
p (τ
0
kn)αλ + (DD
λ3kn
∗ )αλγ
1
kn+
+DDλ3kn∗ (τ
1
kn)αλ +DBλµT
λµ
e , (9)
G3(a) = (DT
λµw3αλ)αµ + (DD
λ3kn
p χ
0
kn)αλ +DBλµT
λµ
χ
K3+i(a) = (DD
iλkn
∗ )αλe
0
kn + (DD
iδλµ
u )αδγ
1
λµ+
+DDiλkn∗ (τ
0
kn)αλ +DD
iδλµ
u (τ
1
λµ)αδ −DT
i3
e +DG
i
λµM
λµ
e ,
G3+i(a) = (DD
iλkn
∗ χ
0
kn)αλ +DG
i
λµM
λµ
χ −DT
i3
χ − 2DνiT
33, i = 1, 2;
T λµe , M
λµ
e è T
λµ
χ , M
λµ
χ  ëèíåéíûå è íåëèíåéíûå ÷àñòè T
λµ,Mλµ îòíîñèòåëüíî
ïåðåìåùåíèé; a = (w1, w2, w3, ν1, ν2)  âåêòîð îáîáùåííûõ ïåðåìåùåíèé.
Óðàâíåíèÿ ðàâíîâåñèÿ (8) ïðåäñòàâëÿþò ñîáîé ñèñòåìó ïÿòè íåëèíåéíûõ äè-
åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà îòíîñèòåëüíî
îáîáùåííûõ ïåðåìåùåíèé. Òàêèì îáðàçîì, òðåáóåòñÿ íàéòè ðåøåíèå ñèñòåìû (8),
óäîâëåòâîðÿþùåå ãðàíè÷íîìó óñëîâèþ (2).
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2. Èññëåäîâàíèå ðàçðåøèìîñòè ñèñòåìû (8)
Áóäåì ïðåäïîëàãàòü âûïîëíåííûìè ñëåäóþùèå óñëîâèÿ:
1) S0  êóñî÷íî-ãëàäêàÿ ïîâåðõíîñòü, ñêëååííàÿ èç êîíå÷íîãî ÷èñëà ïîâåðõíî-
ñòåé êëàññà C3;
2) óïðóãèå õàðàêòåðèñòèêè Dijknp,∗,u èìåþò ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà
ïî ïåðåìåííûì α1, α2, îãðàíè÷åííûå â Ω;
3)
−→
F ∈ Lp(Ω)× L1[−h, h],
−→
F ± ∈ Lp(Ω) ∀p > 2;
4) Ω  îäíîñâÿçíàÿ îáëàñòü ñ êóñî÷íî-ãëàäêîé ãðàíèöåé Γ êëàññà C1β (0 < β <
< 1);
5) D ≡ D(α1, α2) > 0 â Ω.
Ñèñòåìó (8) áóäåì èññëåäîâàòü â ïðîñòðàíñòâå W
(2)
p (Ω) , p > 2. Íàçîâåì âåêòîð
a = (w1, w2, w3, ν1, ν2) îáîáùåííûõ ïåðåìåùåíèé îáîáùåííûì ðåøåíèåì çàäà÷è
ðàâíîâåñèÿ, åñëè a ïðèíàäëåæèò ïðîñòðàíñòâó W
(2)
p (Ω) , p > 2 , ïî÷òè âñþäó â Ω
óäîâëåòâîðÿåò ñèñòåìå (8) è ãðàíè÷íîìó óñëîâèþ (2). Çàìåòèì, ÷òî â ñèëó òåîðåìû
âëîæåíèÿ äëÿ ñîáîëåâñêèõ ïðîñòðàíñòâ W
(2)
p (Ω) ïðè p > 2 îáîáùåííîå ðåøåíèå a
ïðèíàäëåæèò C1α(Ω) , α = (p− 2)/p.
Èçâåñòíî [7, ñ. 266267℄, ÷òî óíêöèþ a ∈ W
(2)
p (Ω) , óäîâëåòâîðÿþùóþ ãðàíè÷-
íîìó óñëîâèþ (2), ìîæíî ïðåäñòàâèòü â âèäå
a =
∫∫
Ω
H(ζ, z)ρ(ζ) dξ dη ≡ T˜ ρ, ζ = ξ + iη, (10)
ãäå ρ = (ρ1, ρ2, ρ3, ρ4, ρ5)  âåùåñòâåííàÿ âåêòîð-óíêöèÿ ïðîñòðàíñòâà Lp(Ω) ,
p > 2 , H(ζ, z)  ãàðìîíè÷åñêàÿ óíêöèÿ ðèíà äëÿ îáëàñòè Ω. Â äàëüíåéøåì,
íå îãðàíè÷èâàÿ îáùíîñòè ðàññóæäåíèé, áóäåì ñ÷èòàòü, ÷òî Ω  åäèíè÷íûé êðóã:
|z| ≤ 1 , z = α1 + iα2. Ôóíêöèÿ ðèíà äëÿ åäèíè÷íîãî êðóãà èìååò âèä: H(ζ, z) =
= (1/π) ln |(z − ζ)/(1− zζ¯)|.
åøåíèå ñèñòåìû (8) áóäåì èñêàòü â âèäå (10). Ïðîäèåðåíöèðóåì (10) ïî
z, z¯ :
az =
∫∫
Ω
Hz(ζ, z)ρ(ζ) dξ dη = −
1
4π
∫∫
Ω
(
1
ζ − z
−
ζ¯
1− zζ¯
)
ρ(ζ) dξ dη,
az¯ = −
1
4π
∫∫
Ω
(
1
ζ¯ − z¯
−
ζ
1− z¯ζ
)
ρ(ζ) dξ dη,
(11)
ãäå az¯ = (aα1 + iaα2)/2, az = (aα1 − iaα2)/2. Ïðîäîëæàÿ âåêòîð-óíêöèþ ρ(z) íà
âñþ ïëîñêîñòü C ïî çàêîíó ρ∗(z) = ρ(z) ïðè |z| < 1 è ρ∗(z) = −(1/|z|
4)ρ(1/z¯) ïðè
|z| ≥ 1, ñîîòíîøåíèå (11) ìîæíî ïðåäñòàâèòü â âèäå
az = Tρ∗/4, az¯ = Tρ∗/4, (12)
Tf = −
1
π
∫∫
C
f(ζ)
ζ − z
dξ dη, Tf = −
1
π
∫∫
C
f(ζ)
ζ¯ − z¯
dξ dη.
Èçâåñòíî [7, ñ. 39, 46℄, ÷òî Tf  âïîëíå íåïðåðûâíûé îïåðàòîð èç Lp(Ω) â
Lq(Ω)(1 ≤ q ≤ 2p/(2 − p)), åñëè 1 ≤ p ≤ 2, è èç Lp(Ω) â C(p−2)/p(Ω¯), åñëè p > 2.
Êðîìå òîãî, ñóùåñòâóþò îáîáùåííûå ïðîèçâîäíûå
∂Tf
∂z¯
= f,
∂Tf
∂z
= −
1
π
∫∫
C
f(ζ)
(ζ − z)2
dξ dη ≡ Sf, (13)
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ãäå Sf  ëèíåéíûé îãðàíè÷åííûé îïåðàòîð â Lp(Ω), p > 1 [7, ñ. 267℄, ïðè÷åì
‖Sf‖Lp(Ω) ≤ Λp‖f‖Lp(Ω). (14)
Èñïîëüçóÿ (13), ñîîòíîøåíèÿ (12) åùå ðàç ïðîäèåðåíöèðóåì ïî z, z¯ :
azz = Sρ∗/4, az¯z¯ = Sρ∗/4, azz¯ = ρ∗/4, (15)
ãäå Sf = −
1
π
∫∫
C
f(ζ)
(ζ¯ − z¯)2
dξ dη.
Òàê êàê aαkαk = 2azz¯ + (−1)
k−1(azz + az¯z¯) (k = 1, 2) , aα1α2 = 2Im az¯z¯, òî ñ
ó÷åòîì (15) ïî÷òè âñþäó â Ω ïîëó÷èì âåêòîðíûå ñîîòíîøåíèÿ
aαkαk = ρ/2+(−1)
k−1ReSρ∗/2 (k = 1, 2), aα1α2 = ImSρ∗/2,
aαk = Re (i
k−1Tρ∗) (k = 1, 2).
(16)
Çäåñü
aαiαj = (w1αiαj , w2αiαj , w3αiαj , ν1αiαj , ν2αiαj ), ρ∗ = (ρ1∗, ρ2∗, ρ3∗, ρ4∗, ρ5∗).
Òåïåðü âûðàæåíèÿ (10), (16) äëÿ îáîáùåííûõ ïåðåìåùåíèé è èõ ïðîèçâîäíûõ
ïîäñòàâèì â ñèñòåìó (8). Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷èì ñèñòåìó íåëè-
íåéíûõ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé ïî îáëàñòè Ω îòíîñèòåëüíî âåêòîð-
óíêöèè ρ ñëåäóþùåãî âèäà:
akjρj + Pk(ρ) +Kk(ρ) +Gk(ρ) ≡ fk, k = 1, 2, . . . , 5, (17)
ãäå Pk(ρ) = Re(bkjSρj∗) (çäåñü è â (17) ñóììèðîâàíèå ïî j âåäåòñÿ îò 1 äî 5),
Kk(ρ) ≡ Kk(T˜ ρ), Gk(ρ) ≡ Gk(T˜ ρ), fk = −R
k (k = 1, 2, 3), f3+k = −L
k (k = 1, 2),
akj = D(D
k11j
p +D
k22j
p )/2 ≡ A
kj
p ,
bkj = D[D
k11j
p −D
k22j
p + i(D
k21j
p +D
k12j
p )]/2 ≡ B
kj
p (j = 1, 2, 3),
ak,3+j = A
kj
∗ , bk,3+j = B
kj
∗ (j = 1, 2, k = 1, 2, 3), a3+k,j = A
kj
∗ ,
b3+k,j = B
kj
∗ (j = 1, 2, 3), a3+k,3+j = A
kj
u , b3+k,3+j = B
kj
u (k, j = 1, 2);
(18)
Akj∗ , B
kj
∗ è A
kj
u , B
kj
u îïðåäåëÿþòñÿ ïî òåì æå îðìóëàì, ÷òî è A
kj
p , B
kj
p , ñ òîé
ëèøü ðàçíèöåé, ÷òî âìåñòî èíäåêñà  p íåîáõîäèìî âçÿòü  ∗  è  u .
Ïðè ïîìîùè ìàòðèö
A = (aij)5×5, P (ρ) = (P1, . . . , P5)
T , K(ρ) = (K1, . . . ,K5)
T ,
G(ρ) = (G1, . . . , G5)
T , f = (f1, . . . , f5)
T
(çíàê  T  ñâåðõó îçíà÷àåò òðàíñïîíèðîâàíèå) ñèñòåìó (17) ïðåäñòàâèì â ìàòðè÷-
íîé îðìå
Aρ+ P (ρ) +K(ρ) +G(ρ) = f, ρ = (ρ1, . . . , ρ5)
T . (19)
Ïóñòü â Ω âûïîëíÿåòñÿ óñëîâèå
detA 6= 0. (20)
Òîãäà (19) ýêâèâàëåíòíî óðàâíåíèþ
ρ+ P˜ (ρ) + K˜(ρ) + G˜(ρ) = f˜ , (21)
ãäå P˜ = A−1P = (P˜1, . . . , P˜5)
T , K˜ = A−1K = (K˜1, . . . , K˜5)
T , G˜ = A−1G =
= (G˜1, . . . , G˜5)
T , f˜ = A−1f = (f˜1, . . . , f˜5)
T , A−1 = (a˜ij)5×5  îáðàòíàÿ ìàòðèöà.
Ñïðàâåäëèâà ñëåäóþùàÿ
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Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ 1)5). Òîãäà
1) P˜j(ρ) è K˜j(ρ)  ëèíåéíûå îãðàíè÷åííûå è âïîëíå íåïðåðûâíûå îïåðàòîðû
â Lp(Ω) , p > 2 ñîîòâåòñòâåííî, ïðè÷åì ‖P˜j(ρ)‖Lp ≤ Λpqjk‖ρk‖Lp (ïî k ñóììèðî-
âàíèå îò 1 äî 5), ‖K˜j(ρ)‖Lp ≤ kj‖ρ‖Lp (j = 1, . . . , 5), ‖ρ‖Lp = ‖ρ1‖Lp+. . .+‖ρ5‖Lp ,
ρ > 2, qjk = ‖a˜jnRe bnk‖C + ‖a˜jnIm bnk‖C (ïî n ñóììèðîâàíèå îò 1 äî 5);
2) G˜j(ρ)  íåëèíåéíûå îãðàíè÷åííûå îïåðàòîðû â Lρ(Ω) , p > 2, ïðè÷åì äëÿ
ëþáûõ ρ1, ρ2 ∈ Lp(Ω) , p > 2, ïðèíàäëåæàùèõ øàðó ‖ρ‖Lp < r, ñïðàâåäëèâû îöåí-
êè ‖G˜j(ρ
1) − G˜j(ρ
2)‖Lp ≤ gjr(1 + r)‖ρ
1 − ρ2‖Lp , p > 2 (j = 1, . . . , 5); kj , gj 
èçâåñòíûå ïîëîæèòåëüíûå ïîñòîÿííûå, çàâèñÿùèå îò èçèêî-ãåîìåòðè÷åñêèõ
õàðàêòåðèñòèê îáîëî÷êè è íîðì îïåðàòîðîâ T˜ ρ, T ρ, Sρ.
Ñïðàâåäëèâîñòü ëåììû óñòàíàâëèâàåòñÿ ïðè ïîìîùè îðìóë (9), (18) ñ ó÷åòîì
ñîîòíîøåíèé (14), (16), ñâîéñòâ îïåðàòîðîâ T˜ f, T f, Sf, ïðèíàäëåæíîñòè èñêîìîãî
îáîáùåííîãî ðåøåíèÿ çàäà÷è ïðîñòðàíñòâó C1α(Ω¯), α = (p− 2)/p.
Èñïîëüçóÿ ëåììó 1, äëÿ ìàòðè÷íûõ îïåðàòîðîâ P˜ (ρ), K˜(ρ), G˜(ρ) ïîëó÷èì ñëå-
äóþùèå îöåíêè
‖P˜ (ρ)‖Lp ≤ Λpq‖ρ‖Lp , ‖K˜(ρ)‖Lp ≤ k‖ρ‖Lp, (22)
‖G˜(ρ1)− G˜(ρ2)‖Lp ≤ gr(1 + r)‖ρ
1 − ρ2‖Lp ,
ãäå q = max (q1j + . . .+ q5j) , k = k1 + . . .+ k5 , g = g1 + . . .+ g5.
Ïðåäïîëîæèì, ÷òî âûïîëíåíî óñëîâèå
q < 1. (23)
Òàê êàê [7, . 270℄ Λp = ‖S‖Lp íåïðåðûâíà ïî p è Λ2 = 1, òî íàéäåòñÿ òàêîå ε >
> 0, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî Λpq < 1, åñëè 2 < p ≤ 2 + ε. Òîãäà ëèíåéíûé
îïåðàòîð P˜ (ρ) áóäåò ñæèìàþùèì. Ñëåäîâàòåëüíî, ñóùåñòâóåò îáðàòíûé îïåðàòîð
(I + P˜ )−1, îãðàíè÷åííûé â Lp(Ω) , 2 < p ≤ 2 + ε, ïðèìåíèâ êîòîðûé ê óðàâíåíèþ
(21), ïðèäåì ê ýêâèâàëåíòíîìó óðàâíåíèþ
ρ+K0(ρ) +G0(ρ) = f0, (24)
ãäå K0(ρ) = (I+P˜ )
−1K˜(ρ), G0(ρ) = (I+P˜ )
−1G˜(ρ), f0 = (I+P˜ )
−1f˜ , I  òîæäåñòâåí-
íûé îïåðàòîð. Çàìåòèì, ÷òî K0(ρ)  ëèíåéíûé âïîëíå íåïðåðûâíûé, à G0(ρ) 
íåëèíåéíûé îãðàíè÷åííûé îïåðàòîðû â Lp(Ω) , 2 < p ≤ 2 + ε.
Ïîêàæåì, ÷òî óðàâíåíèå
ρ+K0(ρ) = 0 (25)
èìååò ëèøü òðèâèàëüíîå ðåøåíèå â Lp(Ω) , 2 < p ≤ 2 + ε. Ïóñòü ρ ∈ Lp(Ω) , 2 <
< p ≤ 2 + ε , åñòü íåíóëåâîå ðåøåíèå óðàâíåíèÿ (25). Ýòîìó ðåøåíèþ ρ ñîãëàñíî
îðìóëå (10) ñîîòâåòñòâóåò âåêòîð a = (w1, w2, w3, ν1, ν2) îáîáùåííûõ ïåðåìåùå-
íèé, êîòîðûé óäîâëåòâîðÿåò ãðàíè÷íîìó óñëîâèþ (2) è ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû
ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé
lijp (wj) + l
iλ
∗ (νλ) +Ki(a) = 0, i = 1, 2, 3, (26)
lij∗ (wj) + l
iλ
u (νλ) +K3+i(a) = 0, i = 1, 2.
àâåíñòâà â (26) óìíîæèì ñîîòâåòñòâåííî íà w1, w2, w3, ν1, ν2, ïîñëå ÷åãî
èõ ñëîæèì è ïðîèíòåãðèðóåì ïî îáëàñòè Ω. Â ðåçóëüòàòå ïîëó÷èì èíòåãðàëüíîå
ðàâåíñòâî ∫∫
Ω
[T kne (a)e
0
kn(a) +M
kn
e (a)e
1
kn(a)] dΩ = 0,
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ëåâàÿ ÷àñòü êîòîðîãî åñòü óäâîåííîå âûðàæåíèå ïîòåíöèàëüíîé ýíåðãèè ëèíåéíîé
äåîðìàöèè. Ïîýòîìó ekij(a) = 0 (i, j = 1, 2, 3, k = 0, 1), èëè ñ ó÷åòîì (3), (4) â
ðàçâåðíóòîì âèäå:
wjαj −G
λ
jjwλ −Bjjw3 = 0, j = 1, 2,
w1α2 + w2α1 − 2G
λ
12wλ − 2B12w3 = 0,
νjαj −G
λ
jjνλ = 0, j = 1, 2, (27)
ν1α2 + ν2α1 − 2G
λ
12νλ = 0,
νj + w3αj = 0, j = 1, 2.
Â (27) èç 4-ãî ðàâåíñòâà âû÷òåì 5-å è ðàçíîñòü ïðèáàâèì ê 6-ìó, óìíîæåí-
íîìó íà ìíèìóþ åäèíèöó i. Ïîëó÷åííîå òàêèì îáðàçîì ðàâåíñòâî ïðè ïîìîùè
êîìïëåêñíîé óíêöèè ν = ν1 + iν2 çàïèøåòñÿ â âèäå νz¯ + g1ν + g2ν¯ = 0 (g1,
g2  èçâåñòíûå óíêöèè, çàâèñÿùèå îò G
n
kj) . Ïîñëåäíåå ñîîòíîøåíèå îçíà÷àåò, ÷òî
ν(z)  îáîáùåííàÿ àíàëèòè÷åñêàÿ óíêöèÿ â Ω, ïðèíàäëåæàùàÿ ïðîñòðàíñòâó
C1α(Ω¯), α = (p− 2)/2 è óäîâëåòâîðÿþùàÿ ãðàíè÷íîìó óñëîâèþ ν|Γ = 0. Â ñèëó òåî-
ðåìû åäèíñòâåííîñòè äëÿ îáîáùåííûõ àíàëèòè÷åñêèõ óíêöèé [7, ñ. 123℄ èìååì:
ν(z) ≡ 0 â Ω¯. Òîãäà èç ïîñëåäíèõ äâóõ ðàâåíñòâ â (27) ñ ó÷åòîì ãðàíè÷íîãî óñëîâèÿ
(2) äëÿ w3 ïîëó÷èì, ÷òî w3 ≡ 0 â Ω¯. Ñ ïîìîùüþ àíàëîãè÷íûõ ðàññóæäåíèé èç
ïåðâûõ òðåõ ðàâåíñòâ â (27) áóäåì èìåòü w1 = w2 ≡ 0 â Ω¯. Òàêèì îáðàçîì, a ≡ 0
â Ω¯. Åñëè òåïåðü ïðèíÿòü âî âíèìàíèå (15), òî ïîëó÷èì ρ ≡ 0 â Ω¯, òî åñòü óðàâ-
íåíèå (25) èìååò òîëüêî íóëåâîå ðåøåíèå â Lp(Ω) , 2 < p ≤ 2 + ε. Ñëåäîâàòåëüíî,
ñóùåñòâóåò îáðàòíûé îïåðàòîð (I +K0)
−1, îãðàíè÷åííûé â Lp(Ω) , 2 < p ≤ 2 + ε,
èñïîëüçóÿ êîòîðûé, óðàâíåíèå (24) çàïèøåì â ýêâèâàëåíòíîì âèäå:
ρ+G∗(ρ) = f∗, (28)
ãäå G∗(ρ) = (I +K0)
−1G0(ρ), f∗ = (I +K0)
−1f0.
Ïðèìåíÿÿ îöåíêè â (22), äëÿ ëþáûõ ρ1, ρ2 ∈ Lp(Ω) , 2 < p ≤ 2+ ε, ïðèíàäëåæà-
ùèõ øàðó ‖ρ‖Lp < r, áóäåì èìåòü:
‖G∗(ρ
1)−G∗(ρ
2)‖Lp ≤ g∗‖ρ
1 − ρ2‖Lp ,
ãäå g∗ = g‖(I + K0)
−1‖Lp‖(I + P˜ )
−1‖Lpr(1 + r). àäèóñ r øàðà âîçüìåì òàêèì,
÷òîáû èìåëî ìåñòî íåðàâåíñòâî
g∗ < 1. (29)
Äàëåå, ïðåäïîëîæèì, ÷òî âíåøíèå ñèëû, äåéñòâóþùèå íà îáîëî÷êó, óäîâëåòâî-
ðÿþò óñëîâèþ
‖f∗‖Lp < (1− g∗)r. (30)
Â ýòèõ óñëîâèÿõ ê óðàâíåíèþ (28) ìîæíî ïðèìåíèòü ïðèíöèï ñæàòûõ îòîáðàæåíèé
[8, ñ. 146℄, ñîãëàñíî êîòîðîìó óðàâíåíèå (28) â øàðå ‖ρ‖Lp < r èìååò åäèíñòâåííîå
ðåøåíèå ρ ∈ Lp(Ω), 2 < p ≤ 2 + ε. Çíàÿ ρ, ïî îðìóëå (10) íàõîäèì îáîáùåííûå
ïåðåìåùåíèÿ wj (j = 1, 2, 3), νk (k = 1, 2).
Òàêèì îáðàçîì, äîêàçàíà
Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ 1)5), (20), (23), (29) è (30). Òîãäà çà-
äà÷à ðàâíîâåñèÿ äëÿ ïîëîãèõ îáîëî÷åê òèïà Òèìîøåíêî â íåêîòîðîì øàðå ïðî-
ñòðàíñòâà W
(2)
p (Ω) , 2 < p ≤ 2 + ε èìååò åäèíñòâåííîå îáîáùåííîå ðåøåíèå
a = (w1, w2, w3, ν1, ν2) ∈W
(2)
p (Ω) , 2 < p ≤ 2 + ε.
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Â çàêëþ÷åíèå ñ öåëüþ èëëþñòðàöèè óñëîâèé (20), (23) ðàçðåøèìîñòè çàäà÷è
ðàâíîâåñèÿ ðàññìîòðèì ñëó÷àé èçîòðîïíîé îäíîðîäíîé îáîëî÷êè òèïà Òèìîøåíêî.
Èìååì
D1111p = D
2222
p = 2hE/(1− µ
2), D1122p = 2hEµ/(1− µ
2), D1212p = hE/(1 + µ),
D1313p = D
2323
p = k
2Eh/(2(1 + µ)), D1111u = D
2222
u = 2h
3E/(3(1− µ2)),
D1122u = 2h
3Eµ/(3(1− µ2)), D1212u = h
3E/(3(1 + µ)), Dijkn∗ = 0 (i, j, k, n = 1, 2, 3)
è îñòàëüíûå Dijknp,u òàêæå ðàâíû íóëþ. Çäåñü E  ìîäóëü Þíãà, µ  êîýèöèåíò
Ïóàññîíà, k2  êîýèöèåíò ñäâèãà.
Ïî îðìóëàì (18) íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè íàõîäèì:
a11 = a22 = D(3− µ)hE/(2(1− µ
2)), a33 = Dk
2Eh/(2(1 + µ)),
a44 = a55 = D(3 − µ)h
3E/(6(1− µ2)),
îñòàëüíûå êîýèöèåíòû aij ðàâíû íóëþ. Òîãäà óñëîâèå (20) ïðèìåò âèä 3−µ 6= 0.
Äàëåå, èç (18) ïîëó÷àåì
b11 = DhE/(2(1− µ)), b12 = ib11 = b21, b22 = −b11,
b44 = Dh
3E/(6(1− µ)), b45 = ib44 = b54, b55 = −b44,
îñòàëüíûå êîýèöèåíòû bij ≡ 0.
Âû÷èñëÿÿ îáðàòíóþ ìàòðèöó A−1 è ïîäñòàâëÿÿ åå ýëåìåíòû a˜ij â âûðàæåíèÿ
äëÿ qjk (ñì. ëåììó 1), ïîëó÷àåì
q11 = q12 = q21 = q22 = q44 = q45 = q54 = q55 = (1 + µ)/(3− µ);
îñòàëüíûå qij = 0. Òîãäà q = 2(1 + µ)/(3 − µ) è óñëîâèå (23) ïðèíèìàåò âèä
2(1 + µ)/(3− µ) < 1, êîòîðîå âûïîëíÿåòñÿ ïðè µ < 1/3.
Summary
S.N. Timergaliev. On Resolving Boundary Value Problems of Nonlinear Theory for
Timoshenko Types Shallow Shells.
The artile is devoted to proving the existene of solutions of geometrially nonlinear
boundary value problem for Timoshenko type shallow shells whih take into aount the
deformations of ross displaements. Equilibrium equations are redued to a system of nonlinear
singular integral equations on at region, the resolution of whih is established with the help
of ompressed reetions priniple.
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